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Summary. Using the model of Deinzer and Stix (1971)
of an aw-dynamo we investigate the problem whether
the preferred magnetic field mode is steady or oscil-
latory for any particular strength and spatial distribu-
tion of the induction effects (x-effect and non-uniform
rotation). We find that a spatial separation of these two
effects favours the steady modes, in contrast to an earlier
assertion of Steenbeck and Krause (1969a). The steady

modes have dipoletype symmetry if the dynamo-
number is positive, and quadrupoletype symmetry if
the dynamo number is negative. The possible relevance
of the steady dipole solutions to the dynamo operating
in the Earth’s interior is discussed.

Key words: dynamo — a-effect — differential rotation
— geomagnetism

1. Introduction

It has been suggested by several authors (Parker, 1955;
Steenbeck and Krause, 1969a; Deinzer and Stix, 1971;
Roberts and Stix, 1972; Kohler, 1973) that the mean
magnetic field of the Sun governing the 22-year cycle
is an oscillatory solution of an “aw-dynamo”: Non-
uniform rotation creates toroidal magnetic flux from
poloidal field components, and the “a-effect”, an e.m.f.
oB parallel to the mean field existing in cyclonic convec-
tion, causes toroidal currents to flow and so to regenerate
the poloidal field.

Are aw-dynamos always oscillatory, or do steady
solutions also exist? Or, more precisely, which type of
solution is “dominant” (or “preferred”) in a particular
model in the sense that it is marginally stable for smaller
values of the relevant magnetic Reynolds numbers?
Parker (1971) has argued that steady solutions are
preferred when the dynamo consists of a full sphere or
a thick spherical shell such as the liquid core of the
Earth; oscillatory modes should dominate in a thin
spherical shell dynamo such as the solar convection
zone. Roberts (1972) computed solutions of a number of
aw-dynamos and found that oscillatory solutions were
dominant even in dynamos occupying a full sphere;
they could however be made steady by means of a
(sufficiently strong) meridional circulation. Stix (1973)
found that the dynamo model of Levy (1972a) has both
steady and oscillatory solutions; which of these is
preferred depends on the exact position of the rings of
cyclones in Levy’s model and on the sign of the “dynamo
number”

n n
where o, is a characteristic value of  in the northern
hemisphere, Aw is the total amount of differential ro-

tation, R is the radius of the sphere and 7 is the (turbulent)
magnetic diffusivity which in our models will be treated
as a constant. In the most often investigated case only
two magnetic Reynolds numbers, R, and R, are
relevant, and the frequencies and growth rates of the
solutions solely depend on their product, P.

The models mentioned above show that in order to
obtain oscillatory solutions with mean fields migrating
from the poles toward the equator we must require that
P < 0. With this sign of P Levy’s model has preferred
oscillatory solutions if the induction effects are confined
to the outer third of the sphere. When P > 0, however, the
model favours the steady mode irrespective of the
positions of the induction effects (Stix, 1973). Thus, the
situation is still not clear; we shall therefore investigate
the question of oscillatory versus steady solutions
further, using the model of Deinzer and Stix (1971; we
shall refer to this article as “Paper I”). This model has
the advantage of having a more realistic latitude
distribution of a(oc cosf) than Levy’s model, although
the radial dependence of « and dw/0r is still in the form
of -functions. But this form enables us to calculate
solutions for a wide range of the characteristic param-
eters, ry and r, (the radial position of shear and a-effect)
and P, without a large expenditure of computing. We
shall see in Section III how the (r,, r,) parameter space
is divided into regions of steady and oscillatory solu-
tions. We shall also see that, if steady solutions are
possible, they are of dipole-type parity in the case P>0
and of quadrupole-type parity when P<O0.

If P> 0, steady dipolar solutions are plausible (Parker
1970; p. 399; see also the review of Roberts, 1971,
p- 171): Consider a dipole field as shown in Fig. 1a. If
the rate of rotation is larger in the outer parts of the
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Fig. 1a—d. Steady dynamo action, with dw/dr>0 and ay,>0. The
poloidal field (a) is wound up to produce a toroidal field (b) which,
with the help of the a-effect, sets up toroidal currents (c); these reinforce
the initial field (d). An encircled dot (cross) indicates a vector pointing
out (into) the plane of the paper

sphere, i.e. Aw>0, a toroidal field is generated which
points out of the paper on the right-hand side in the
northern hemisphere (Fig. 1b). The a-effect is antisym-
metric with respect to the equatorial plane; with o> 0,
it generates the currents indicated in Fig. 1c. These in
turn intensify the original dipole (Fig. 1d). We must
however keep in mind that differential rotation and
a-effect inevitably induce higher field harmonics; the
argument is then no longer conclusive. Indeed, the
truncation of all but the first poloidal and toroidal
harmonics has led Steenbeck and Krause (1966) to an
incorrect steady aw-dynamo (Roberts, 1972). In Sec-
tion IIT we shall demonstrate how the mere variation
of the dynamo number P or of the parameters r; and r,
can cause a transition from a steady to an oscillatory
mode. Some of the steady fields will be illustrated in
Section IV.

Finally, in Section V, we shall discuss whether or not
steady solutions of our model have any relevance to the
Earth’s magnetic field. We shall also check the depend-
ence of our results on the particular choice of the -
shaped profiles of « and dw/dr.

II. Formulation of the Steady Problem

In principle, both oscillatory and steady modes could be
derived from the equations given in Paper 1. Steady
solutions would automatically obtain for 1=0. How-
ever, A=0 implies k=0, and for k=0 our original
programme breaks down. Moreover, the equations
describing the model are much simpler when only
steady solutions are to be investigated; thus, we shall
write down these equations once more for the special
case 0/0t=0. Assuming axial symmetry and using

Jw
W =Aw5(r-—r1) (1)
and

o= 0y CcoSOS(r —r,) 2

[1, Egs. (1) and (2)], we find the basic equations for 4
and B, the ¢-components of the vector potential and
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magnetic field, viz.

A1A+5(x—x2)BCOSG=0, (3)
AlB+P5(x—x1)%(Asin0)=0, @)
where!)
Amd )
777 x2sin2%0
and
2

p= 2o AOR7 ©)

n n

We have introduced a non-dimensional radial co-
ordinate x=r/R. Note that a, in Eq. (2) has the di-
mension of a diffusivity; thus the a-effect magnetic
Reynolds number in our model is R,=o,/m (in the
general discussion of Section V, however, we treat o,
again as a velocity). Except for the spherical surfaces
defined by x=x; and x=x, the functions 4 and B
satisfy the equation

4,f=0. (7)
The solutions of (7) are
x"Pl(cosf) and x " !P!(cosf), (8)

where n is a positive integer and P! is an associated
Legendre function. The boundary conditions at x=0
and x =1, and the jump conditions at x = x, and x = x,
are exactly the same as in Paper 1. Since the latter cause
the coupling of different spherical harmonics, none of
the elementary solutions (8) alone solves Egs. (3) and (4).
Instead, A and B are expressions of the form

A= ) A, x"""'Pl(cosb) x=1, )

A= ) (Bx"+C,x " NPi(cosh) 1=Zx=x,, (10)

n=1

A=Y D,x"P!(cosf) x,=2x20, (11)
n=1

and

B=0 x=1, 12)

B= Y (F,x"+G,x " !)Pl(cosf) 1=x=x,, (13)

B= ) H,x"P}(cosf) x,=x=0. (14
n=1

Expresions (10), (11), (13) and (14) already satisfy the

boundary conditions at x =0 and the conditions that 4

1) This operator was denoted 4 in paper 1. In order to avoid confusion
with the Laplacian we now prefer the notation 4,.
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and B and their derivatives shall be continuous at
x=x,; and x= x, respectively.

When eliminating the constants 4,, B, ... we should
distinguish the cases x; <x, and x;>x,. The jump
conditions, which were derived in Paper I [Egs. (6) and
(7)] under the assumption x; <Xx,, would enter the
calculation in a different form in the case x; > x,. It is
however straightforward to show that the critical P
values to be considered below remain unchanged when
x, and x, replace each other. The same is true for P
and the eigenvalue A in the instationary case of Paper I.
There is a similar (x,, x,)-symmetry in Levy’s dynamo
model (Stix, 1973). However, in both models the field
functions A4 and B differ in the two cases.

Using the boundary conditions at x=1 and the condi-
tions that A and B shall be continuous at x= x, and
X = X, resp., the jump conditions take the form

@n+1)d,= —2
: (15)
n—1 [ n+2 b
n—1 "1 pg3 e
@n+ h,= P+ (z;" " ) »
. n(n—1)d _ (n+1)(n+2)d
2n—1 "t 2n+3 ntl)e
where
X X1 <X
d=D21{" 1="2 1
n "{xl_n_lx§"+1 x1>x2, ( 7)
xn_x—n—l
12—x1”22"_1 X1 <Xz,
h,=H, 18
x5*2x7? X1 >X3, (18)
and
z; =min(xy, x,), (19)

Z,=max(x, x,).

As in Paper I, the infinite system (15) and (16) divides
into two subsystems, one for the even (quadrupole-type)
and one for the odd (dipole-type) fields. Again, we
truncate these subsystems after, say, N equations and
search for zeros P(N) of the determinant of the truncated
system. When a solution P(N) is found, N is increased
until P does no longer depend on N.

The results to be reported in the next Section are
obtained either from a programme based on Egs. (15)
to (19) above or from the original programme described
in Paper I, depending whether stationary or insta-
tionary modes are considered. In all cases the convergence
of the eigenvalues with increasing N was established.

II1. Eigenvalues

In the case P=0, i.e. either R,=0 or R,=0 (or both),
the only solutions of our model are unsteady; they

Im(k)1

§
4100

R

Fig. 2. Complex k-plane, with the (qualitative) position of eigenvalues
as functions of P. The open triangles are the simple dipolar decay
modes. The full triangles are double decay modes, dipolar upright
and quadrupolar inverse. As P increases from zero to positive values,
the eigenvalues move either along the axes (exponential modes) or
into the complex plane (oscillatory modes)

decay exponentially in time. In the complex k-plane
these solutions are characterized by the real positive
zeros of the spherical Bessel functions j,(x). The two
possibilities that can occur when P+0 are illustrated
in Fig. 2. The eigenvalues k can either move along the
real axis. If they move towards the left they may eventual-
ly reach the origin; we then have a steady solution. This
happens for two of the modes shown in Fig. 2 at P= Py,
and P= P,, respectively. The other possibility is that k
becomes immediately complex. The growth rate

A= —k? (20)

is then also complex, i.e. the mode is oscillatory. For a
sufficiently large P, the field oscillates with constant
amplitude; for the quadropole mode shown in Fig. 2
this is the case at P~ 4100.

There is another way to obtain oscillatory solutions:
Whenever two exponentially decaying modes “collide”
on the real k-axis, or when two exponentially growing
modes “collide” on the imaginary k-axis, k will become
complex. Thus, in the example shown in Fig. 2, an
exponentially growing oscillatory mode is obtained at
P=~7250. But before this can happen one of the ex-
ponentially growing modes must reverse its direction:
its growth rate decreases, in spite of the further increase
of P. This is an example of “active desctruction”, which
is typical for non-oscillatory dynamo solutions. Parker
(1971) was the first to observe this effect.

We may illustrate the behaviour of the various dynamo
modes as functions of P further by means of Figs. 3a—c.
The situation of Fig. 2 is depicted in Fig. 3a; in this case
the parameters x, and x, are 0.5 and 0.8 respectively.
We see a variety of modes, both exponential and
oscillatory. The simplest of all modes, the dipole which
decays at a rate n? in the case P= 0, first becomes steady
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Fig. 3a—c. Growth rates Re(4) in units of 7R ~2, as functions of P, for x, =0.8 and x, = 0.5 (a), x; = 0.55 (b) and x,; = 0.6 (c); smooth curves = ex-
ponential dipole, continuous wavy line = oscillatory dipole, broken wavy line = oscillatory quadrupole. The labels a—f in Fig. 3a mark the eigen-
values of the fields shown in Fig. 7. The triangles are the decay modes, as in Fig. 2

at P= 1389 (point a). Its growth rate has a maximum at
P=5400 (point b) and then decreases to become again
steady at P~ 7200 (point c). At P = 7250 there is a transi-
tion into an oscillatory mode. With P that large, how-
ever, an oscillatory quadrupole already dominates,
i.e. has a larger growth rate. The situation is still similar
in Fig. 3b, where only x; has been changed from 0.5
to 0.55. We have again the two steady dipole solutions
and the oscillatory quadrupole dominating at large P,
although the merging of the two exponential dipole
modes into the oscillatory dipole now occurs in the
region where Re(4) is negative, i.e. the modes are damped
rather than growing. Another transition from oscil-
latory to exponential modes occurs at P= 4200,
Re(4)~ — 35, but these modes are strongly damped
and therefore only of minor importance. The transitions
from steady to oscillatory solutions remind us to a very
similar behaviour of waves in the Earth’s core, where such
transitions occur at a critical value of the buoyancy
force (Braginskii, 1967).

If x, is increased once more by the same amount, a quali-
tatively different picture obtains. The exponential mode
no longer intersects the Re(4)=0 line and steady solu-
tions only occur at very large P. The oscillatory quadru-
pole is dominant already for moderate P values.

In principle, we could now repeat the calculations
which led to Fig. 3 with different x, values. We would
obtain similar results. Figure 4 shows the values of the
three smallest dynamo numbers P,,, Py, and Py; for
which steady solutions exist in the case x, =0.9. For x,
larger than, say, 0.63 the modes at P, and P,, disappear;
this means that a limiting curve exists in the (x,, x,)-
plane which seperates the regions of dominating steady
dipole and oscillatory quadrupole fields respectively.

1 1 1 1 1 1 1
0 2 4 6 8 10 12 1%
1074P

Fig. 4. The x, values for which the dynamo numbers P,,, P,, and
Py3 of the first three steady solutions are marginal, with x,=0.9
= constant

So far only the case P> 0 has been considered. We have
however carried out the calculations also for negative P.
The results are similar, although the two most rapidly
growing modes are now a steady quadrupole and an
oscillatory dipole, depending again on the parameters
x, and x,. It has been shown that no steady quadrupole
solution does exist in the case P> 0, and that no steady
dipole solution does exist in the case P<0. In order to
prove this remarkable result, v. Kusserow (1974) showed
that the determinants of the truncated systems mention-
ed in the preceding Section all have a definite sign.
A brief outline of this proof is given in Appendix A.

Figures 5a and b are the (x;, x,)-planes in the two cases.
There is symmetry with respect to the line x;=x,;
however, the curves of constant Py, and P,, are drawn
only in the upper left halves of the Figures. The limiting
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Fig. 5a and b. Curves of positive (a) and negative (b) dynamo numbers
P for steady dipole (a) and quadrupole (b) solutions in the (x;, x,)-
parameter space. The hatched region at the lower right has the same
contours since the diagram is completely symmetric with respect
to the line x, =x,. In the regions between the two limiting curves
oscillatory modes dominate; this is also the case within the small
portion of Fig. 5b around x,~0.5 and 0.75 < x, < 1. Some dynamo
numbers, Pg, on the limiting curves are given

curve between the regions of oscillatory and steady
modes is also drawn in the lower right; there the region
of steady modes is simply hatched.

In order to calculate the limiting curve we made use of
the fact that Py, and P,, together form a double solution
on this curve (v. Kusserow, 1974). In the case P> 0 this
property indeed defines the true limiting curve as can be
seen from Fig. 6a which shows that along the entire
curve the value P at which the oscillatory quadrupole is
marginal is larger than Py, (= P,,'%P P;). This is however

Fig. 6a and b. Dynamo numbers, P, on the limiting lines of Fig. 5,
as functions of x,; (a) positive and (b) negative P

not the case when P<0. Here the oscillatory dipole
dominates even within a part of the region where steady
modes at Py, and P,, are possible. The two curves of
Fig. 6b therefore intersect. In Fig. 5b the revised limiting
curve is drawn within the lower right half.

Levy (1974) recently pointed out that only half of the
steady states are dynamically stable in the sense
0Re(4)/0 P> 0. This is however not strictly true as the
example of our Fig. 3a shows where for both P, and Py,
0Re(1)/0P>0. On the other hand, the oscillatory
quadrupole makes the steady dipole at P,, in any case
physically uninteresting.

IV. Fields

When the P value for a steady solution is found, or when
P and the eigenvalue A for an oscillatory solution are
found, we may arbitrarily choose one of the field coef-
ficients A,, B,... and then compute all the other co-
efficients from the linear and homogeneous system of
equations the determinant of which we have set to zero.
The field functions 4 and B are then readily obtained
from Egs. (9) to (14). As usual, we represent the toroidal
field by the curves B(x, §) = const. in a meridian (x, 6)-
plane. The lines of force of the poloidal field coincide
with the curves A(x, 6)xsinf = const. and are also
shown in the (x, 8)-plane. Since all fields are either sym-
metric or antisymmetric with respect to the equatorial
plane, it is sufficient to show one (the northern) hemi-
sphere. In Figs. 7 and 8 we show several examples, with
the toroidal field on the left-hand side and the poloidal
field lines on the right-hand side. These two parts of the
fields are normalized separately. This is justified since,
in contrast to the eigenvalues which depend only on P,
the solutions themselves depend on the additional
parameter R,/R,; this parameter can be chosen so as
to produce a suitable normalization. If, on the other
hand, the ratio R,/R, is determined by the physical
processes leading to the induction effects, we may
simply relable the curves drawn in Figs. 7 and 8.

Figure 7a—f show six field configurations which obtain
at various points of the exponential dipolar mode

© European Southern Observatory ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1974A%26A....36...69D

DI

FI972A8A 727362 7.6

74 W. Deinzer et al.

|
a

Fig. Ta—f. Meridian sections of dipolar magnetic fields, for the dynamo numbers P = 1389, 5400, 7198, 3000, 500, 0, with «, and 4w both positive.
The corresponding eigenvalues are marked with labels a—f in Fig. 3a. The right-hand sides show the lines of force of the poloidal field, and curves
of constant toroidal field strength are drawn on the left-hand sides. All contours are drawn at equal spacing of the stream function 4 - x - sinf on
the right and the field strength B on the left. Encircled dots and crosses have the same meaning as in Fig. 1. The inner dashed circle indicates the
shear surface, the outer indicates the a-effect surface. Only the northern hemisphere is shown; the fields are antisymmetric with respect to the

equatorial plane

shown in Fig. 3a (“a” to “f” in that figure). The first (a)
is the steady dipole existing at Py, = 1389. As expected,
the toroidal field has its maximum on the shear surface
(inner dashed circle), whereas the poloidal field has its
0-type neutral line on the a-surface (outer dashed circle).
The dynamo essentially operates as explained in the
introduction (Fig. 1), although the presence of field lines
closed within one hemisphere indicates that the octupole
already plays a role. As P is increased, this octupole
becomes stronger, and other harmonics also enter, both
into the poloidal and toroidal parts of the fields. Since the
dissipation is much faster for higher harmonics, the
increase of P does not inevitably lead to a more effective
dynamo (in the sense of a larger growth rate). This might
be one reason that the growth rate of the considered
mode passes through a maximum. Another, and proba-
bly more serious reason, is the beginning active destruc-
tion which can be illustrated by means of Fig. 7b: The
octupole contribution has become so strong that
poloidal field lines intersect the shear-surface twice
within one hemisphere. Reverse toroidal flux is thus
generated; it diffuses towards the a-surface where it
helps to destruct the poloidal field. In the second steady
state of our mode (Fig. 7c) this destruction, which
mainly takes place at low latitude, is just balanced by the
original dynamo which is still operating at the higher
latitudes; the growth rate is again zero.

The described behaviour of the magnetic field yields an
answer to another question concerning aw-dynamos:
Steenbeck and Krause (1969a) have argued that aw-
dynamos should be oscillatory if the induction effects,

o and Aw, are spatially separated. But calculations of
different authors (Roberts, 1972; Stix, 1973) did not
confirm this suggestion. The correct answer to this
question probably is that active destruction sets in much
sooner (i.e. at smaller P) if the induction effects are not so
widely separated in space or more evenly distributed.
The effect then prevents the existence of steady states
altogether. This interpretation is also suggested by
Fig. 1 of Roberts (1972), where the exponential mode
always has a negative growth rate, very much like the
exponential mode in our Fig. 3c (at small and moderate
P values). Zero or positive growth rates are possible
only if a wide spatial separation makes the reverse
toroidal flux inefficient in its tendency to destruct the
field. This is very similar to an argument of Parker (1971,
p- 505). On the other hand, oscillatory states require re-
verse toroidal flux; they can therefore more easily
operate if a-effect and shear lie chose together or are
spatially mixed, or else if P is sufficiently large. This does
not, of course, invalidate the fact that the oscillation
frequency varies like the inverse square of the distance
of the two induction centers (I, Fig. 2). The oscillatory
mode emerging from the exponential mode at P~ 7250
has almost exactly the same field geometry as the steady
field of Fig. 7c, its oscillation period becomes infinite at
the transition point. The field also does not migrate in
latitude. Thus, in the vicinity of this transition point,
there is little difference between the steady and oscil-
latory mode. At larger P values, however, the oscillation
period becomes comparable with the electromagnetic
diffusion time and the field shows the well-known
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Fig. 8a and b. Meridian sections of quadrupolar steady magnetic fields, with a positive Aw and a negative a,, for Py, = — 2957 (a) and Py, = — 8525

(b); x, =0.45 and x, =0.75 in both cases. See also the description of Fig. 7

latitude migration. This migration is polewards, as well
as the migration of the oscillatory quadrupole which is
exited above P~ 4100 (in the case P <0 the correspond-
ing dipole migrates equatorwards).

In order to further illustrate the dynamo action we have
included into Fig. 7 three fields with negative growth
rates, which lie on the lower branch of our exponential
mode. The poloidal field shown in Fig. 7f is the mode
having one radial node; since P=0, it freely decays at a
rate (2m)%. This poloidal field is uncoupled from the
toroidal “fundamental harmonic” shown on the left-
hand side of Fig. 7f. But this situation quickly changes as
P increases. Already at the moderate value P =500
(Fig. 7e) the dynamo is very “constructive”: as P is
increased the growth rate very rapidly increases.
Figure 8 shows the two first steady aw-dynamos for
negative P. The case oy <0, 4w >0 is depicted. These
fields are quadrupole-type; their maintenance can be
made plausible by considerations analogous to those
illustrated in Fig. 1. The equatorial toroidal belt and the
poloidal field at low latitude are mainly responsible for
the dynamo.

V. Conclusions

Does a steady aw-dynamo operate in the Earth’s
interior? In order to answer this question we must first
decide (a) whether there is differential rotation inside
the fluid part of the core and (b) whether or not the very
complex flow pattern created by the interplay of the
buoyancy, Coriolis, Lorentz and inertia forces can be
described by a single scalar function, namely a. Then,
we may ask whether the concentration of shear and
a-effect to two spherical surfaces is realistic in the case of
the Earth so that our model is applicable. Or, equivalent-
ly, we may ask whether our results seriously change if the
J-functions representing the induction effects in our
model are replaced by broader distributions.

Let us begin with the last question. As might be expected
from the results of Roberts (1972), there are such
changes: Figure 9 shows a portion of the (x;, x,)-plane
with the limiting curves for steady solutions, for several

1.0

08

Xz

06 |

0.4
00

Fig. 9. Limiting curves for steady dipolar solutions of the models
described by Egs. (21) and (22) with (a) d; =d,=0; (b) d; =d,=02;
(¢)d, =0,d,=0.2;(d) d, =0, d, =0.3. The figures are critical magnetic
Reynolds numbers, PL, for the x,, x, values 'marked with crosses
(case b), squares (case c), and circles (case d)

pairs (d,, d,), where d, and d, are the widths of gaussian
induction effects, viz.

do Ao x—x; \?
- aee(- (7)) -
2
_ %o X— Xy
o= L)x exp( (———d2 ))cos@. (22)

Eigenvalues of this model were obtained by an expansion
method described by Stix (1973). Already for moderate
values of d, and d, the limiting curve moves substantially
towards the left, making steady solutions less probable.
Thus we conclude that steady aw-dynamos without
meridional circulation are possible only if the induction
effects, shear and a-effect, are highly concentrated to
different parts of the sphere. Probably the spatial
separation of the induction effects and meridional
circulation (with a proper sign) act in the same way on
the field geometry, in the sense that higher harmonics,
and thus the reverse toroidal flux, are made less de-
trimental to steady solutions.
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We now turn to the more difficult question whether the
a-effect is an adequate description of the regeneration of
the poloidal field. Although turbulence in the Earth’s
core might be caused, for example, by precessional
torques (Malkus, 1968), direct observational evidence
for such a turbulence is hard to obtain. The irregular
structure and variation of the nondipole geomagnetic
field indicates that there are irregular fluid motions in
the core, having characteristic time scales of decades or
longer and a pattern of “continental dimensions”
(Roberts and Soward, 1972). Fluctuations of the length
of the day also suggest that the characteristic time scale
of the core motions is at least several years (Stacey, 1969,
p- 39). Let us denote the turbulence inferred from these
observations “large scale turbulence”, the characteristic
parameter being £/~ 10° m and t~ 10° s. Parker (1969)
concluded that fifteen to twenty convection cells should
exist in the core and attributed the a-effect (he used the
letter I') to the helicity of these cells. On the other hand,
due to the electric conductivity of the mantle and the
attenuating effect of distance, faster time scales and
smaller dimensions cannot be detected at the surface.
Consistently, Lucke (1959), using quite different argu-
ments, proposed a picture which we shall call “small
scale turbulence”, with £~ 10%...10°m and 7~ 10*s.
If the latter figures are correct, we have a very large
number of convection cells and the theory of the
turbulent dynamo is much more appropriate than in the
case of only a few cells. Steenbeck and Krause (1969b),
using Lucke’s data and the formula

o= — 1—20212& Vin(g2) (23)
derived by Krause (1968), argued that o should change its
sign within each hemisphere; for the turbulent velocity,
v, vanishes at the inner and outer boundaries of the
liquid core and has, therefore, a maximum somewhere
in between. In their model the a-effect is a consequence
of the preferred (radial) direction defined by the gradient
of »; the density, g, is treated as a constant.

Such preferred directions also are necessary in two
different approaches: Moffatt (1970) showed that the
superposition of random inertial waves having a
preferred direction of propagation leads to an «-effect,
and Roberts and Soward (1972; see also Braginskii, 1967,
1970) pointed out that MAC waves, where Magnetic,
Archimedean (buoyancy), and Coriolis forces play the
dominant roles, also could be responsible for the field
regeneration via an a-effect, if there is some asymmetry
between the waves propagating in different direc-
tions.

The assumption of preferred directions has been
criticized by F. H. Busse (1974, private communication).
He argued that these assumptions are artificial and, in
addition, unnecessary since rotation itself already
provides the anisotropy required for dynamo action by
means of its ordering effect on the convection. In fact,

Rédler (1969, 1970; see also Roberts and Stix, 1971) and
Roberts (1972) computed turbulent dynamo models
which where based merely on the anisotropy introduced
by rotation. These dynamos do not, in contrast to the
a-effect dynamos, require lack of mirror symmetry in the
turbulence. On the other hand, there is no doubt that on
the Sun -the radial direction is preferred, due to the
density gradient. There this preferred direction leads to
an o-effect which, together with differential rotation,
very satisfyingly accounts for the oscillatory solar
dynamo. Thus, since the a-effect obviously is such an
effective means for dynamo action, we think that its
application to the Earth is still an attractive idea,
although the existence of the necessary preferred direc-
tions (either Steenbeck-Krause’s gradient of the r.m.s.
velocity or an anisotropy of wave propagation) must be
regarded as an open question. In this context it is
reassuring to know that a completely different approach
to the terrestrial dynamo leads to a regeneration term
which, with a slightly different definition of A(r, 6), is
equivalent to the a-effect: the expansion of the motion
and the field in terms of Z¢~ 12, where %< is the magnetic
Reynolds number (Braginskii, 1964; Soward, 1972).

The question of non-uniform rotation inside the core is
equally difficult. The westward drift of the nondipole
field, which amounts approximately to 0.2° of longitude
per year, seems to indicate that the core rotates at a
slightly smaller rate than the mantle (Bullard et al., 1950).
According to this view differential rotation would occur
in the uppermost layer below the mantle. Braginskil
(1967) and Hide (1966), on the other hand, proposed that
the westward drift is a manifestation of Alfvén waves
which are modified by the Coriolis force, and which
travel along the mean toroidal field. But, then, what
process but differential rotation should maintain this
toroidal field? Let us, therefore, assume that there is
differential rotation in the core. For its magnitude,
R - Aw, we adopt the value 10~ % m/s suggested by the
westward drift. In this we follow Roberts and Soward
(1972).

We must now compare this value of R4Aw with the «g
derived from Eq. (23). We shall use this equation in a
simplified form, so that oy & #>w/R, where R=3.5-10°m
and w=73-10"%s"1 In the case of “small scale
turbulence” we find R4w> a, so that the dynamo is
indeed aw-type (Deinzer et al., 1974). On the other hand
“large scale turbulence” leads to RAw<ay, ie. an
a2-model, where the a-effect is also responsible for the
creation of toroidal flux, would be more appropriate.
Paradoxically enough, Steenbeck and Krause (1969b),
who employed the “small scale” picture, treated the
Earth as an a?-dynamo, whereas Parker, while arguing
in terms of the “large scale” picture, considered it an
aw-dynamo! This situation characteristically reflects
our poor understanding of the role of turbulence in the
Earth’s core. There is however, an a-posteriori argument
in favour of the aw- dynamo: If the toroidal field exceeds
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Fig. 10. The Earth as an aw-dynamo, with x; =09, x,=0.6 and
P,; =1558. On the left the mantle is hatched. See also the description
of Fig. 7

the poloidal field by the two orders of magnitude, as
suggested by several authors (e.g. Roberts and Soward,
1972), it must be created by a different, and more potent,
agent than the poloidal field; as already mentioned,
differential rotation is the most plausible candidate.

Notwithstanding all the uncertainties described in the
preceding paragraphs we display an example of a steady
aw-dynamo (Fig. 10). The parameters x, and x, are 0.9
and 0.6 respectively. The former is chosen close to unity
in order to simulate the differential rotation of Bullard
et al. (1950). With this value of x, we have little choice
for x,. According to Fig. 5a it must not exceed 0.63; on
the other hand the existence of the solid inner core
allows no a-effect to operate below, say, x, =0.4. The
dynamo number required for steady dynamo action is
Py, =1558.

A final speculation pertains to the reversals of the
geomagnetic field. Fluctuations in strength or position of
the a-effect may occasionally excite an oscillatory mode.
If the Earth returns to its “normal” a-effect during a
phase of opposite polarity, a new steady field, but with
reversed sign, would obtain. This explanation of the
field reversals was first proposed by Braginskii (1964b).
It is confirmed by the close proximity of steady and
oscillatory modes in our model. If the oscillatory state
lasts only one half-cycle, the reversal process is essentially
that described by Parker (1969) and Levy (1972b).

Appendix A

We shall now prove that our model has no steady
dipole solution when P < 0. The corresponding theorem,
that no steady quadrupole exists when P>0, then
follows from analogous considerations.

Let D, be the determinant of the linear system of
Section I, truncated after n equations. D, has the form

ayp a4g2 s - - - - - -~~~ =-=-= |
T~ I
az; Q4z; Q33 T~ O |
a3z 43z Q43 T~ |
= _ T~
| T~<
| O ~~_ _-1n-2 G-1n-1 Gn-1p
e e —= an,n—l Qnn

where the a,; are defined by Eqgs. (15) and (16). Because
of the (x,, x,)-symmetry mentioned in Section II we may
restrict ourselves to the case x; < x,. We have

D1=3>0,
D2=15—%xf(x2‘3—x§)P>0,

= U o si-3_ .2 ﬁz
D3—105—§x1(x2 —xz)-(98—72(x2 P>0.

Now suppose that all determinants D, with k<n+1 are
positive. If n is even, we readily see that D, , is also
positive; for, by Eq. (I, 25), we have

Dyi2=0ns2n+2Dn+1—Ons2n+19n+1,n+2Dn
>ay42n+2Dn+1>0

since

Aniz2n+2>0 and Gpirp410041,0+2<0,

as can be seen from the definition of the a;.

For odd n the product a,; 418,41 4+2 IS pOSitive, so
the situation is more complex. Let us, for brevity,
introduce

Ay = Ay

A=y 1051 x>
and
AD,= —a,, 3 A4 1Dy — Ay 2Dy
we then have

Dn+2=an+2an+1Dn+ADn'

From
xl 2n+5 ants )
Apyr=P|— (2" 7> —x3)
X2
. n+Dn+2)(n+3)
2n+3)2n+5)
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and Stix (1971) :
A —_p X, 2n+ 3(x§”+5 ) p. 205, 2:2 col., line 2.of Section III: exp(imo)....
n X, 2 p. 205, 2"¢ col,, equations preceding Egs. (12) and (13):
nn+1)(n+2) @ = s
@n+1)(2n+3) ,.gl,.,:z-..e

we obtain

2
X

Aps2=— (—1) JaAn+1
X2

and, therefore,

2
4D, = Ay () 52,20+,
2
where

f= n+3)Q2n+1)
"7 n@2n+5)

Since x,<x, and D,=a,D,.,—A,D,_,<a,D,_,
=(2n+1)D,_,, we find

2
(%}) fDy—(@n+5)D,_, < f,D,~(2n+5)D,_,
2

<(f,2n+1)—2n+35)D,_,
_3-12n— 4n?

n(2n+5) D,-1<0

for n=2. 4,,, is also negative; hence, 4D, is positive,
and we obtain the desired result: D,,,>0. Thus, the
determinants for all n, odd and even, are positive. No
steady dipole solution can therefore exist.

Appendix B

We take this opportunity to correct a number of mis-
prints in the papers of Deinzer and Stix (1971, “Paper I”)
and Stix (1971).

Paper I1:

p. 111,2™ col, line 13 from below: o =0 ' +pB.
Notice that this 8 differs from the § introduced
by Steenbeck and Krause (1969a) by a factor pu.

p. 112, 2 col, line 10 from below: P= aw,R%/p>.

p. 113, 2™ col,, line 5: replace “in all higher derivatives”

by “of all field components”.

. 113, Eq. (17), right-hand side: D,j,(kx,).

. 113, Eq. (18), right-hand side: H,j,(kx,).

. 113, Eq. (19), second term in the { } on the right-hand
de- n+2 (

side: nt3 3

p. 114,27 col,, after Eq. (25): The limit D does not
necessarily exist. But this is not crucial since
only the zeros of the D, must converge.

p. 117, 1% col, last line: [ImA]=30.7, P= —805 (cf.
Stix, 1971, Table 1).

p. 118, 1* col, line 13: n~ 1 =4xn- 108 s/m?.

o T T

p- 206, Eq. (17), first term in {} on right-hand side:

(n—1)(n—m)
2n—1

p- 208, 1 col., line 15: This result ....

dy_y.
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